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A NEW CONSTRUCTION OF COMPACT8-MANIFOLDSWITH HOLONOMY Spin(7)DOMINIC JOYCE

1. IntroductionIn Berger's classi�cation [1] of holonomy groups of Riemannian man-ifolds there are two special cases, the exceptional holonomy groups G2in 7 dimensions and Spin(7) in 8 dimensions. Bryant [2] and Bryant andSalamon [3] showed that such metrics exist locally, and wrote down ex-plicit, complete metrics with holonomy G2 and Spin(7) on noncompactmanifolds.The �rst examples of metrics with holonomy G2 and Spin(7) oncompact 7- and 8-manifolds were constructed by the author in [10],[11], [12]. The survey paper [13] provides a good introduction to theseconstructions. Here is a brief description of the method used in [10]to construct compact 8-manifolds with holonomy Spin(7), divided intofour steps.(a) We start with a at Spin(7)-structure (
0; g0) on the 8-torus T 8,and a �nite group � of isometries of T 8 preserving (
0; g0). ThenT 8=� is an orbifold, a singular manifold with only quotient singu-larities.(b) For certain � one can resolve the singularities of T 8=� in a naturalway, using complex geometry. This gives a nonsingular, compact8-manifold M , and a projection � :M ! T 8=�.Received October 19, 1999. 89



90 dominic joyce(c) We write down a 1-parameter family of Spin(7)-structures (
t; gt)on M for t 2 (0; �), such that (
t; gt) has small torsion when t issmall, and converges to the singular Spin(7)-structure ��(
0; g0)as t! 0.(d) Using analysis we prove that for small t, the Spin(7)-structure(
t; gt) can be deformed to a nearby Spin(7)-structure (~
t; ~gt) onM , with zero torsion. Then ~gt has holonomy Spin(7).In this paper we will describe a new method for constructing com-pact 8-manifolds with holonomy Spin(7), in which one starts not witha torus T 8 but with a Calabi{Yau 4-orbifold Y with isolated singularpoints p1; : : : ; pk. We use algebraic geometry to �nd a number of suit-able complex orbifolds Y , which in the simplest cases are hypersurfacesin weighted projective spaces C P5a0;::: ;a5 .Then, instead of a �nite group �, we suppose we have an antiholo-morphic, isometric involution � : Y ! Y , whose only �xed points arep1; : : : ; pk. This involution does not preserve the SU(4)-structure on Y ,but it does preserve the induced Spin(7)-structure. We think of � asbreaking the structure group of Y from SU(4) down to Spin(7). De-�ne Z = Y=h�i. Then Z is an orbifold with isolated singular pointsp1; : : : ; pk, and the Calabi{Yau structure on Y induces a torsion-freeSpin(7)-structure on Z.If the singularities of Z are of a suitable kind, we can resolve themto get a compact 8-manifoldM with holonomy Spin(7), as in steps (b){(d) above. To perform the resolution we need to �nd AsymptoticallyLocally Euclidean Spin(7)-manifolds corresponding to the singularitiesof Z, which are a special class of noncompact Spin(7)-manifolds asymp-totic to quotient singularities R8=G.Our construction then yields new examples of compact 8-manifoldsM with holonomy Spin(7). We calculate the Betti numbers bk(M) ineach case. They turn out to be rather di�erent to the Betti numbersarising from the previous construction in [10]. In particular, in this newconstruction the middle Betti number b4 tends to be rather large, as bigas 11 662 in one example, whereas the manifolds of [10] all satis�ed b4 �162.Sections 2 and 3 introduce the holonomy group Spin(7) and Calabi{Yau orbifolds, and x4 de�nes the idea of ALE Spin(7)-manifold, andgives a number of examples. Section 5 then proves our main result,that given a Calabi{Yau 4-orbifold Y and an antiholomorphic involution



compact 8-manifolds with holonomy spin(7) 91� : Y ! Y satisfying certain conditions, we can construct a compact8-manifold M with holonomy Spin(7).We explain in x6 how to use the construction in practice, and ways ofcomputing the Betti numbers of the resulting 8-manifolds M . Sections7{10 apply the construction to generate new examples of compact 8-manifolds with holonomy Spin(7), and we �nish in x11 with a discussionof our results.The material in this paper will be discussed in the author's book[14], which pays much attention to the exceptional holonomy groups,and also gives a more sophisticated version of the original construction[10] of compact 8-manifolds with holonomy Spin(7).2. Background on the holonomy group Spin(7)We now collect together some facts we will need about the holonomygroup Spin(7), taken from the books by Salamon [18, Ch. 12] and theauthor [14, Ch. 10]. First we de�ne Spin(7) as a subgroup of GL(8;R).De�nition 2.1. Let R8 have coordinates (x1; : : : ; x8). Write dxijklfor the 4-form dxi^dxj ^dxk^dxl on R8 . De�ne a 4-form 
0 on R8 by
0 =dx1234 + dx1256 + dx1278 + dx1357 � dx1368�dx1458 � dx1467 � dx2358 � dx2367 � dx2457+dx2468 + dx3456 + dx3478 + dx5678:(1)The subgroup of GL(8;R) preserving 
0 is Spin(7). It is a compact, con-nected, simply-connected, semisimple, 21-dimensional Lie group, whichis isomorphic as a Lie group to the double cover of SO(7). This groupalso preserves the orientation on R8 and the Euclidean metric g0 =dx21 + � � �+ dx28 on R8 .Let M be an 8-manifold. For each p 2 M , de�ne ApM to be thesubset of 4-forms 
 2 �4T �pM for which there exists an isomorphismbetween TpM and R8 identifying 
 and the 4-form 
0 of (1). Let AMbe the bundle with �bre ApM at each p 2M . Then AM is a subbundleof �4T �M with �bre GL(8;R)= Spin(7). It is not a vector subbundle,and has codimension 27 in �4T �M . We say that a 4-form 
 on M isadmissible if 
jp 2 ApM for each p 2M .Now the conventional de�nition of a Spin(7)-structure on an 8-manifold M (which we will not use) is a principal subbundle Q of theframe bundle F with structure group Spin(7). There is a 1-1 corre-



92 dominic joycespondence between Spin(7)-structures Q in this sense, and admissible4-forms 
 2 C1(AM) on M . Each Spin(7)-structure Q induces a 4-form 
, a metric g and an orientation on M , corresponding to 
0, g0and the orientation on R8 .De�nition 2.2. Let M be an 8-manifold, 
 an admissible 4-formonM , and g the associated metric. We shall abuse notation by referringto the pair (
; g) as a Spin(7)-structure onM . Let r be the Levi-Civitaconnection of g. We call r
 the torsion of (
; g), and we say that (
; g)is torsion-free if r
 = 0. A triple (M;
; g) is called a Spin(7)-manifoldifM is an 8-manifold, and (
; g) a torsion-free Spin(7)-structure on M .Let (
; g) be a Spin(7)-structure on an 8-manifold M . Then (
; g)is torsion-free if and only if d
 = 0. If (
; g) is torsion-free then g isRicci-at, and M is spin and has a constant positive spinor. If M iscompact and Hol(g) = Spin(7) then the positive Dirac operatorD+ : C1(S+)! C1(S�)has kernel R and cokernel 0. Thus D+ has index 1.But the index of D+ is the Â-genus Â(M), and is given by24Â(M) = �1 + b1(M)� b2(M) + b3(M) + b4+(M)� 2b4�(M);(2)where bk = bk(M) are the Betti numbers of M . Thus a compact 8-manifoldM with holonomy Spin(7) must satisfy b3+ b4+ = b2+ b4�+25.As in [10, Th. C], one can use this to show:Theorem 2.3. Let (M;
; g) be a compact Spin(7)-manifold. ThenHol(g) = Spin(7) if and only if M is simply-connected, and b3 + b4+ =b2 + b4� + 25.The following result [10, Th. D] describes the moduli space of holon-omy Spin(7) metrics.Theorem 2.4. Let M be a compact 8-manifold admitting metricswith holonomy Spin(7). Then the moduli space of metrics with holon-omy Spin(7) on M , up to di�eomorphisms isotopic to the identity, is asmooth manifold of dimension 1 + b4�(M).Our next proposition follows from the ideas of [14, x10.6].Proposition 2.5. Let M be an 8-manifold. Then there exists atubular open neighbourhood TM of AM in �4T �M which is a �bration



compact 8-manifolds with holonomy spin(7) 93over M , a smooth map of �bre bundles � : TM ! AM , and positiveconstants �;C, such that(i) If (
; g) is a Spin(7)-structure and � a 4-form on M with j� �
jg � �, then � 2 C1(TM).(ii) Suppose (
; g) is a Spin(7)-structure on M , and � a 4-form onM with j� � 
jg � �. Write 
0 = �(�), and let (
0; g0) be theassociated Spin(7)-structure. Then j� �
0jg0 � j� �
jg. If (
; g)is also torsion-free, then ��r0(� �
0)��g0 � C��r(� � 
)��g.Here r;r0 are the Levi-Civita connections of g and g0, and j : jg, j : jg0the norms de�ned using g and g0.This is an entirely local result, involving calculations at a point, and�;C are independent of M . The inequality j� �
0jg0 � j� �
jg in part(ii) should be understood as saying that 
0 = �(�) is the Spin(7)-formclosest to �. That is, TM is a small open neighbourhood of AM in�4T �M , and � is the projection from TM to the nearest point in AM .But as we have not �xed a metric on M , we do not have a way tomeasure distance in �4T �M , and so we use the metrics g, g0 associatedto the Spin(7)-forms 
;
0 to do this.Our �nal result is proved in [10, Th. A & Th. B], and also in[14, Ch. 13].Theorem 2.6. Let �; �; � be positive constants. Then there existpositive constants �;K such that whenever 0 < t � �, the following istrue.Let M be a compact 8-manifold, and (
; g) a Spin(7)-structure onM . Suppose that � is a smooth 4-form on M with d
+ d� = 0, and(i) k�kL2 � �t9=2 and kd�kL10 � �t,(ii) the injectivity radius �(g) satis�es �(g) � �t, and(iii) the Riemann curvature R(g) satis�es R(g)C0 � �t�2.Then there exists a smooth, torsion-free Spin(7)-structure (~
; ~g) on Mwith k~
�
kC0 � Kt1=2.Here is how to interpret this result. As r
 = 0 if and only if d
 = 0and d� + d
 = 0, the torsion r
 is determined by d�. Thus we canthink of � as a �rst integral of the torsion of (
; g). So k�kL2 andkd�kL10 are both measures of the torsion of (
; g). As t is small, part(i) of the theorem says that (
; g) has small torsion in a certain sense.



94 dominic joyceParts (ii) and (iii) say that the injectivity radius of g should notbe too small, and its curvature not too large. When a metric becomessingular, in general its injectivity radius goes to zero and its curvaturebecomes in�nite. So we can interpret (ii) and (iii) as saying that g isnot too close to being singular.Thus, the theorem as a whole says that if the torsion of (
; g) is smallenough, and g is not too singular, then we can deform (
; g) to a nearby,torsion-free Spin(7)-structure (~
; ~g) on M . We can hence use Theorem2.3 to show that if M is simply-connected and b3 + b4+ = b2 + b4� + 25,then ~g has holonomy Spin(7).We prove Theorem 2.6 using analysis: we write the condition that(~
; ~g) be torsion-free as a nonlinear elliptic p.d.e., which can be approx-imated by a linear elliptic p.d.e. when ~
 � 
 is small. Then we usetools such as Sobolev spaces, the Sobolev Embedding Theorem and el-liptic regularity to show that this nonlinear elliptic p.d.e. has a smoothsolution. 3. Calabi{Yau manifolds and orbifoldsWe now give a brief introduction to Calabi{Yau geometry, and therelation between Calabi{Yau 4-folds and Spin(7)-manifolds. Some suit-able references are Salamon [18, Ch. 8] and the author [14, Ch. 6].De�nition 3.1. A Calabi{Yau manifold or orbifold is a compactK�ahler manifold or orbifold (Y; J; g) of dimension m, with Hol(g) =SU(m).Now Calabi{Yau manifolds and orbifolds are nearly the same thingas Ricci-at K�ahler manifolds and orbifolds, as we see in the next propo-sition. It follows from elementary properties of holonomy groups andK�ahler geometry.Proposition 3.2. Any Calabi{Yau orbifold (Y; J; g) is Ricci-at.Conversely, let (Y; J; g) be a compact Ricci-at K�ahler orbifold of di-mension m, with singular set S. Suppose that Y nS is simply-connectedand hp;0(Y ) = 0 for 0 < p < m. Then Hol(g) = SU(m), so Y is aCalabi{Yau orbifold.But using Yau's proof of the Calabi conjecture [20], one can showthat suitable complex orbifolds admit Ricci-at K�ahler metrics.Theorem 3.3. Let (Y; J) be a compact complex orbifold admit-



compact 8-manifolds with holonomy spin(7) 95ting K�ahler metrics, with c1(Y ) = 0. Then there is a unique Ricci-atK�ahler metric in each K�ahler class on Y .Now the action of SU(m) on Cm �xes the complex m-formdz1 ^ � � � ^ dzm. It follows by general principles of Riemannian holon-omy that any Riemannian manifold or orbifold with holonomy SU(m)admits a complex m-form � corresponding to dz1 ^ � � � ^ dzm which isconstant under the Levi-Civita connection r. So we get:Proposition 3.4. Let (Y; J; g) be a Calabi{Yau manifold or orbifoldof dimension m, with K�ahler form !. Then there exists a constant(m; 0)-form � on Y , such that near every point p 2 Y we can choosecomplex coordinates (z1; : : : ; zm) in whichg = jdz1j2 + � � �+ jdzmj2;! = i2(dz1 ^ d�z1 + � � �+ dzm ^ d�zm);and � = dz1 ^ � � � ^ dzm(1)at p. This form � is unique up to multiplication by ei� for some� 2 [0; 2�).We call � the holomorphic volume form of Y . Now we restrict ourattention to complex dimension 4. Here is a criterion for a complex4-orbifold to be Calabi{Yau.Proposition 3.5. Let (Y; J) be a compact complex 4-orbifold withc1(Y ) = 0, admitting K�ahler metrics. Suppose Y nS is simply-connected,where S is the singular set of Y , and h2;0(Y ) = 0. Then each K�ahlerclass on Y contains a unique metric g such that (Y; J; g) is a Calabi{Yau4-orbifold.Proof. As �1(Y n S) = 0 we have b1(Y ) = 0, so that h1;0(Y ) = 0.Since �1(Y n S) = 0 and c1(Y ) = 0 the canonical bundle KY of Y istrivial, and this implies that hp;0(Y ) = h4�p;0(Y ). Thus h3;0(Y ) = 0.But we are given that h2;0(Y ) = 0. Hence hp;0(Y ) = 0 for 0 < p < 4, andthe proposition follows from Proposition 3.2 and Theorem 3.3. q.e.d.A Calabi{Yau 4-fold Y has holonomy SU(4), and so carries a natu-ral torsion-free SU(4)-structure. Since SU(4) � Spin(7) � SO(8), thisSU(4)-structure induces a Spin(7)-structure on Y , which is also torsion-free.Proposition 3.6. Suppose (Y; J; g) is a Calabi{Yau 4-orbifold, withK�ahler form ! and holomorphic volume form �. De�ne a 4-form 
 on



96 dominic joyceY by 
 = 12!^!+Re(�). Then (
; g) is a torsion-free Spin(7)-structureon Y .Proof. Let p be a point in Y . Then by Proposition 3.4 we can choosecomplex coordinates (z1; : : : ; z4) near p such that g; ! and � are givenby (1) at p, with m = 4. De�ne real coordinates (x1; : : : ; x8) on Y nearp such that (z1; : : : ; z4) = (x1 + ix2; x3 + ix4; x5 + ix6; x7 + ix8). Thenfrom (1) we see that g, ! and Re(�) are given at p byg = dx21 + � � � + dx28; ! = dx12 + dx34 + dx56 + dx78and Re(�) =dx1357� dx1368� dx1458� dx1467� dx2358� dx2367� dx2457+ dx2468;where dxij:::l = dxi ^ dxj ^ � � � ^ dxl.It follows from this equation that 
 = 12! ^ ! + Re(�) coincideswith the 4-form 
0 de�ned in (1). As this holds for all p 2 Y , we seethat (
; g) is a Spin(7)-structure on Y , in the sense of De�nition 2.2.Now r! = r� = 0, where r is the Levi-Civita connection of g, and sor
 = 0. But r
 is the torsion of (
; g), so that (
; g) is torsion-free,as we want. q.e.d.Thus Calabi-Yau 4-folds are also Spin(7)-manifolds.4. ALE Spin(7)-manifoldsALE manifolds, or Asymptotically Locally Euclidean manifolds, area class of noncompact Riemannian manifolds with one end modelledasymptotically on a quotient singularity Rn=G.De�nition 4.1. Let G be a �nite subgroup of SO(n) which actsfreely on Rn n f0g. Let X be a noncompact n-manifold and � : X !Rn=G a continuous, surjective map, such that ��1(0) is a compact sub-set of X, and � : X n��1(0)! (Rn=G) n f0g is a di�eomorphism. Thenwe call (X;�) a real resolution of Rn=G.A metric g on X is called Asymptotically Locally Euclidean, or ALE,ifrl(��(g) � g0) = O(r�n�l) on fx 2 Rn=G : r(x) > Rg, for all l � 0.



compact 8-manifolds with holonomy spin(7) 97Here g0 is the Euclidean metric on Rn=G, r is the radius function onR8=G, and R > 0 is a constant. We say that (X; g) is asymptoticto Rn=G.One reason ALE manifolds are interesting is that if you have anALE manifold (X; gX) asymptotic to Rn=G, and a compact Riemannianorbifold (Y; gY ) with isolated singularities modelled on Rn=G, then youcan glue X and Y together to get a nonsingular, compact Riemannianmanifold (M; gM ). We think of this as resolving the singularities of Yusing X.This technique is particularly valuable when X and Y both havespecial holonomy, so that Hol(gX) and Hol(gY ) both lie in some holon-omy group H � SO(n), as then we can hope to construct a metric gM onM with Hol(gM) � H. So ALE manifolds (X; gX) with Hol(gX) � H areingredients in a construction for compact manifolds with holonomy H.In fact the only interesting candidates for the holonomy group Hare U(m) and SU(m) for m � 2, and Spin(7). Kronheimer [16], [17]constructed and classi�ed all ALE 4-manifolds with holonomy SU(2).Calabi [4, p. 285] found an explicit family of ALE manifolds with holon-omy SU(m) asymptotic to Cm=Zm, and more generally the author [15],[14, Ch. 8] gave existence theorems for ALE manifolds with holonomySU(m). No examples of ALE 8-manifolds with holonomy Spin(7) areknown, at the time of writing.However, we can construct compact 8-manifolds with holonomySpin(7) using only ALE 8-manifolds whose holonomy is a proper sub-group of Spin(7) such as SU(4) or Z2 n SU(4), and many examples ofthese can be found using the results of [15]. To discuss these, it is usefulto de�ne the idea of ALE Spin(7)-manifold, as in [14, Ch. 13].De�nition 4.2. Let G be a �nite subgroup of Spin(7) which actsfreely on R8 n f0g, let (X;�) be a real resolution of R8=G, and (
; g) atorsion-free Spin(7)-structure on X. We call (X;
; g) an ALE Spin(7)-manifold ifrl(��(
)� 
0) = O(r�8�l) on fx 2 R8=G : r(x) > Rg, for all l � 0.Here 
0 is the Spin(7) 4-form on R8=G given in (1), r the radius functionon R8=G, and R > 0 a constant.In the rest of the section we give some examples of ALE Spin(7)-manifolds.



98 dominic joyce4.1 An example of an ALE Spin(7)-manifoldWe de�ne a �nite group G � Spin(7), such that R8=G has an isolatedsingularity at 0, and construct two topologically distinct ALE Spin(7)-manifolds (X1;
1; g1) and (X2;
2; g2) asymptotic to R8=G. These willbe used in x5 as part of a construction of compact 8-manifolds withholonomy Spin(7).Let R8 have coordinates (x1; : : : ; x8) and Spin(7)-structure (
0; g0),as in De�nition 2.1. Use the complex coordinates(z1; z2; z3; z4) = (x1 + ix2; x3 + ix4; x5 + ix6; x7 + ix8)to identify R8 with C 4 . Then g0 = jdz1j2+ � � �+ jdz4j2, and 
0 = 12!0 ^!0 +Re(�0), where !0 is the K�ahler form of g0 and �0 = dz1 ^ � � � ^ dz4the complex volume form on C 4 .De�ne �; � : C 4 ! C 4 by� : (z1; : : : ; z4) 7! (iz1; iz2; iz3; iz4);� : (z1; : : : ; z4) 7! (�z2;��z1; �z4;��z3):(4)Then � 2 SU(4) � Spin(7) and � 2 Spin(7), and �; � satisfy �4 =�4 = 1, �2 = �2 and �� = ��3. Let G = h�; �i. Then G is a �nitenonabelian subgroup of Spin(7) of order 8 which acts freely on R8 nf0g.Now C 4=h�i is a complex singularity, as � 2 SU(4). Let (Y1; �1) bethe blow-up of C 4=h�i at 0. Then Y1 is the unique crepant resolutionof C 4=h�i. The action of � on C 4=h�i lifts to a free antiholomorphicmap � : Y1 ! Y1 with �2 = 1. De�ne X1 = Y1=h�i. Then X1 is anonsingular 8-manifold, and the projection �1 : Y1 ! C 4=h�i pushesdown to �1 : X1 ! R8=G.By [15, Th. 3.3, Th. 3.4] there exist ALE K�ahler metrics g1 on Y1with holonomy SU(4), which were in fact written down explicitly byCalabi [4, p. 285]. Each such g1 is invariant under the action of � onY1. Let !1 be the K�ahler form of g1, and �1 = ��1(�0) the holomorphicvolume form on Y1. Then Proposition 3.6 de�nes a torsion-free Spin(7)-structure (
1; g1) on Y1 with 
1 = 12!1 ^ !1 +Re(�1).As ��(!1) = �!1 and ��(�1) = ��1, we see that � preserves (
1; g1).Thus (
1; g1) pushes down to a torsion-free Spin(7)-structure (
1; g1)on X1. Then (X1;
1; g1) is an ALE Spin(7)-manifold asymptotic toR8=G. The Betti numbers of X1 are b1 = b2 = b3 = 0 and b4 = 1,and �1(X1) = Z2.



compact 8-manifolds with holonomy spin(7) 994.2 A second ALE Spin(7)-manifold asymptotic to R8=GDe�ne new complex coordinates (w1; : : : ; w4) on R8 by(w1; w2; w3; w4) = (�x1 + ix3; x2 + ix4;�x5 + ix7; x6 + ix8):Then g0 = jdw1j2 + � � �+ jdw4j2 and 
0 = 12!00 ^ !00 +Re(�00), where !00is the K�ahler form of g0 with respect to the complex structure inducedby the wj, and �00 = dw1 ^ � � � ^ dw4 is the complex volume form on C 4 .As the action of SU(4) on R8 = C 4 induced by the wj preservesg0; !00 and �00, it preserves (
0; g0). Thus the action of SU(4) on R8compatible with the coordinates wj is a subgroup of Spin(7). Note thatthis is a di�erent SU(4) subgroup of Spin(7) to that considered above,induced by the zj . In the coordinates wj, we �nd that �; � act by� : (w1; : : : ; w4) 7! ( �w2;� �w1; �w4;� �w3);� : (w1; : : : ; w4) 7! (iw1; iw2; iw3; iw4):(5)Observe that (4) and (5) are the same, except that the rôles of �; � arereversed. Therefore we can use the ideas above again.Let Y2 be the crepant resolution of C 4=h�i. The action of � onC 4=h�i lifts to a free antiholomorphic involution of Y2. LetX2 = Y2=h�i.ThenX2 is nonsingular, and as above there exists a torsion-free Spin(7)-structure (
2; g2) on X2, making (X2;
2; g2) into an ALE Spin(7)-manifold asymptotic to R8=G.Now (X1;
1; g1), (X2;
2; g2) are clearly isomorphic as Spin(7)-mani-folds, but they should be regarded as topologically distinct ALE mani-folds, because the isomorphism between them acts nontrivially on R8=G.Thus, we have found two topologically distinct ALE Spin(7)-manifolds(X1;
1; g1), (X2;
2; g2) asymptotic to the same singularity R8=G.4.3 Other examples of ALE Spin(7)-manifoldsWe can use the ideas above to construct other ALE Spin(7)-manifoldstoo. Here we very briey describe two in�nite families of ALE Spin(7)-manifolds Xn1 , Xn2 for n = 1; 3; 5; : : : . For simplicity they will not beused in the rest of the paper, although they easily could be.Identify R8 and C 4 as in x4.1. Let n � 1 be an odd integer, andde�ne �; �;  : C 4 ! C 4 by� : (z1; : : : ; z4) 7! (e2�i=nz1; e�2�i=nz2; e2�i=nz3; e�2�i=nz4);� : (z1; : : : ; z4) 7! (iz1; iz2; iz3; iz4); : (z1; : : : ; z4) 7! (�z2;��z1; �z4;��z3):



100 dominic joyceThen �; � 2 SU(4) and  2 Spin(7), and Gn = h�; �; i is a �nitenonabelian subgroup of Spin(7) of order 8n which acts freely on R8 nf0g.Note that G1 coincides with the group G of x4.1-x4.2.We can construct a family of ALE Spin(7)-manifolds asymptoticto R8=Gn as follows. The complex singularity C 4=h�; �i has a uniquecrepant resolution Y n1 , which can be described explicitly using toricgeometry. The action of  on C 4=h�; �i lifts to a free antiholomorphicinvolution  : Y n1 ! Y n1 , so that Xn1 = Y n1 =hi is a nonsingular 8-manifold with a projection �n1 : Xn1 ! R8=Gn.By the results of [15], there exist ALE K�ahler metrics gn1 on Y n1with holonomy SU(4). We can choose gn1 to be -invariant, and thenthe induced Spin(7)-structure (
n1 ; gn1 ) on Y n1 is also -invariant, andpushes down to Xn1 , making (Xn1 ;
n1 ; gn1 ) into an ALE Spin(7)-manifoldasymptotic to R8=Gn. Using the idea of x4.2, we can also construct asecond ALE Spin(7)-manifold (Xn2 ;
n2 ; gn2 ) asymptotic to R8=Gn.5. Proof of the constructionStarting with a Calabi{Yau 4-orbifold Y with isolated singularitiesof a certain kind, and an antiholomorphic involution � on Y , we willnow construct a compact 8-manifold M by resolving Z = Y=h�i, andprove that there exist torsion-free Spin(7)-structures (~
; ~g) onM , whichhave holonomy Spin(7) if M is simply-connected.5.1 A class of Spin(7)-orbifolds ZWe set out below the ingredients in our construction, and the assump-tions they must satisfy.Condition 5.1. Let (Y; J) be a compact complex 4-orbifold withc1(Y ) = 0, admitting K�ahler metrics. Let � be an antiholomorphicinvolution on Y . That is, � : Y ! Y is a di�eomorphism satisfying�2 = id and ��(J) = �J . De�ne � : C 4 ! C 4 by� : (z1; z2; z3; z4) 7�! (iz1; iz2; iz3; iz4):(6)Then �4 = 1, so that h�i �= Z4, and C 4=h�i has an isolated singularpoint at 0. We require that the singular set of Y should be k isolatedpoints p1; : : : ; pk for some k � 1, each modelled on C 4=h�i, and thatthe �xed set of � in Y is exactly fp1; : : : ; pkg. We also suppose thatY n fp1; : : : ; pkg is simply-connected, and h2;0(Y ) = 0.



compact 8-manifolds with holonomy spin(7) 101In the rest of the section we assume that Condition 5.1 holds.Proposition 5.2. There is a �-invariant metric gY on Y making(Y; J; gY ) into a Calabi{Yau orbifold. We can choose the holomorphicvolume form �Y on (Y; J; gY ) such that ��(�Y ) = ��Y . Let (
Y ; gY ) be thetorsion-free Spin(7)-structure on Y from Proposition 3.6. Then (
Y ; gY )is �-invariant.Proof. Let g0 be a K�ahler metric on Y . Then ��(g0) is also a K�ahlermetric on Y , and so g00 = g0 + ��(g0) is a �-invariant K�ahler metric onY . Let � be the K�ahler class of g00. Then � is �-invariant, regarded asan equivalence class of metrics on Y . By Condition 5.1 we know thatc1(Y ) = 0 and h2;0(Y ) = 0, and that Y n S is simply-connected, whereS = fp1; : : : ; pkg is the singular set of Y . Thus by Proposition 3.5,the K�ahler class � contains a unique metric gY such that (Y; J; gY ) is aCalabi{Yau orbifold. As � is �-invariant we see that gY is �-invariant,by uniqueness of gY .Proposition 3.4 shows that there exists a holomorphic volume form �on Y . Since � is antiholomorphic, it is easy to show that ��(�) = ei���,for some � 2 [0; 2�). De�ne �Y = ei�=2�. Then �Y is a holomorphicvolume form for (Y; J; gY ), and ��(�Y ) = ��Y , as we want.Let (
Y ; gY ) be as in Proposition 3.6. Then 
Y = 12!Y ^!Y+Re(�Y ),where !Y is the K�ahler form of gY . As ��(gY ) = gY and ��(J) = �J wehave ��(!Y ) = �!Y , and ��(Re(�Y )) = Re(�Y ) as ��(�Y ) = ��Y . Thus
Y and gY are both �-invariant. q.e.d.In our next result, if Y is an orbifold and p 2 Y an orbifold pointmodelled on Rn=G, then we say that the tangent space TpY to Y at p isRn=G, in the obvious way. The proof looks complicated, but it is reallyonly linear algebra.Proposition 5.3. For each j = 1; : : : ; k we can identify the tangentspace TpjY to Y at pj with C 4=h�i so that gY is identi�ed with jdz1j2+� � � + jdz4j2 at pj, �Y is identi�ed with dz1 ^ � � � ^ dz4 at pj, and d� :TpjY ! TpjY is identi�ed with the map � : C 4=h�i ! C 4=h�i given by� : (z1; : : : ; z4)h�i 7�! (�z2;��z1; �z4;��z3)h�i:(7) Proof. Since J; gY and �Y form a Calabi{Yau structure on Y , therecertainly exists an isomorphism � : TpjY ! C 4=h�i which identi�es gYwith jdz1j2 + � � � + jdz4j2 and �Y with dz1 ^ � � � ^ dz4. This � is uniqueup to the action of SU(4) on C 4=h�i. That is, if B 2 SU(4), then



102 dominic joyceB � � : TpjY ! C 4=h�i also identi�es gY with jdz1j2 + � � � + jdz4j2 and�Y with dz1 ^ � � � ^ dz4.Now d� : TpjY ! TpjY is complex antilinear, and so � identi�es d�with the map  : C 4=h�i ! C 4=h�i given by : 8><>:ik0BB@z1z2z3z41CCA : k = 0; 1; 2; 39>=>; 7�! 8><>:ikA0BB@�z1�z2�z3�z41CCA : k = 0; 1; 2; 39>=>; ;(8)for some 4 � 4 complex matrix A. In fact A is only de�ned up tomultiplication by a power of i.As d� preserves gY and takes �Y to ��Y on TpjY , it follows that preserves jdz1j2+ � � �+ jdz4j2 and takes dz1^� � �^dz4 to d�z1^� � �^d�z4 onC 4=h�i. These imply that A �At = I and det(A) = 1, and so A 2 SU(4).Also, 2 = I as �2 = id, and this implies that A �A = ikI for k = 0; 1; 2or 3. And because � �xes only p1; : : : ; pk in Y , the only �xed point of in C 4=h�i is 0.So A lies in SU(4) and satis�es A �A = ikI. When we replace � byB � � for B 2 SU(4), the matrix A is replaced by BABt. We wish toshow that we can choose B 2 SU(4) such that the maps � of (7) and of (8) coincide. That is, we must show that there exists B 2 SU(4) andl = 0; 1; 2 or 3 such thatilBABt = 0BB@ 0 1 0 0�1 0 0 00 0 0 10 0 �1 01CCA.(9) Now A �A = ikI shows that A and �A commute, and so A �A = �AA =A �A. Thus ikI is a real matrix, which implies that k = 0 or 2, andA �A = �I. By studying the eigenvectors of A, one can prove that thereexists B 2 SU(4) such that BABt is one ofI; �I; 0BB@1 0 0 00 1 0 00 0 �1 00 0 0 �11CCA; 0BB@ 0 1 0 0�1 0 0 00 0 0 10 0 �1 01CCA; i0BB@ 0 1 0 0�1 0 0 00 0 0 10 0 �1 01CCA.We exclude the �rst three possibilities because  �xes (1; 0; 0; 0)h�i inC 4=h�i, contradicting the fact that the only �xed point of  in C 4=h�iis 0. Putting l = 0 in the fourth case and l = 3 in the �fth, we see that



compact 8-manifolds with holonomy spin(7) 103(9) holds. Thus B � � identi�es TpjY with C 4=h�i and satis�es all theconditions of the proposition, and the proof is complete. q.e.d.Now x4.1 de�ned a �nite group G = h�; �i acting on R8 , and thede�nitions (6) and (7) of � and � above coincide with (4) in x4.1. Thusthe singularities of Z = Y=h�i are all modelled on R8=G, and we easilyprove:Corollary 5.4. De�ne Z = Y=h�i. Then Z is a compact, real 8-dimensional orbifold. The Spin(7)-structure (
Y ; gY ) on Y pushes downto give a torsion-free Spin(7)-structure (
Z; gZ) on Z. The singularitiesof Z are k points p1; : : : ; pk. For each j = 1; : : : ; k there is an isomor-phism �j : R8=G! TpjZ which identi�es the Spin(7)-structures (
0; g0)on R8=G and (
Z; gZ) on TpjZ. Here G and (
0; g0) are de�ned in x4.1.5.2 Desingularizing Z to get a compact 8-manifold MSo far we have constructed a Spin(7)-orbifold (Z;
Z ; gZ) with �nitelymany singular points p1; : : : ; pk, each modelled on the singularity R8=Gof x4.1. But in x4.1 and x4.2 we wrote down two ALE Spin(7)-manifoldsX1 and X2 asymptotic to R8=G. We shall now resolve each singularpoint pj in Z using either X1 or X2 to get a compact 8-manifold M .We include a parameter t 2 (0; 1] in the construction.De�nition 5.5. For each j let �j be as in Corollary 5.4, and letexppj : TpjZ ! Z be the exponential map, which is well-de�ned as Z iscomplete. Then exppj � �j maps R8=G to Z. Choose � > 0 small, andlet B2�(R8=G) be the open ball of radius 2� about 0 in R8=G. De�neUj � Z by Uj = exppj � �j�B2�(R8=G)�, and  j : B2�(R8=G) ! Uj by j = exppj � �j . Let � > 0 be chosen small enough that Uj is open in Zand  j : B2�(R8=G) ! Uj is a di�eomorphism for 1 � j � k, and thatUi \ Uj = ; when i 6= j.Proposition 5.6. There is a smooth 3-form �j on B2�(R8=G) for1 � j � k and a constant C1 > 0, such that  �j (
Z) � 
0 = d�j andjrl�jj � C1r3�l on B2�(R8=G), for l = 0; 1; 2. Here j : j and r arede�ned using the metric g0 on B2�(R8=G), and r : B2�(R8=G)! [0; 2�)is the radius function.Proof. The derivative of exppj at 0 is the identity map on TpjZ.Thus the derivative of  j at 0 is �j : R8=G! TpjZ, and so  �j (
Z)j0 =��j(
Z) = 
0j0, since �j identi�es 
0 and 
Z. Therefore  �j (
Z) = 
0 at



104 dominic joyce0 in B2�(R8=G). As  �j (
Z) � 
0 is a 4-form on a subset of R8=G, wecan pull it back to R8 , and regard  �j (
Z)�
0 as a 4-form on the ballB2�(R8 ) of radius 2� in R8 .Then  �j (
Z)�
0 is a smooth G-invariant 4-form on B2�(R8) whichvanishes at 0. But G contains �1 : R8 ! R8 , and any 4-form invariantunder this map �1 has zero �rst derivative at 0. Hence  �j (
Z)�
0 van-ishes to �rst order at 0 in B2�(R8 ), and so by Taylor's Theorem we canshow that �� �j (
Z)�
0�� = O(r2) and ��r �j (
Z)�� = O(r) on B2�(R8 ).Now 
Z and 
0 are closed, so that  �j (
Z) � 
0 is closed, and asB2�(R8=G) is contractible we can write  �j (
Z) � 
0 = d�j for somesmooth 3-form �j on B2�(R8=G). Since  �j (
Z) � 
0 vanishes to �rstorder at 0 we can easily arrange that �j vanishes to second order at 0,and therefore jrl�j j = O(r3�l) for l = 0; 1; 2, using Taylor's Theoremas above. Thus there exists C1 > 0 such that jrl�jj � C1r3�l onB2�(R8=G), for l = 0; 1; 2 and j = 1; : : : ; k. q.e.d.De�nition 5.7. Let the ALE Spin(7)-manifolds (Xn;
n; gn) andprojections �n : Xn ! R8=G be as in x4.1 and x4.2 for n = 1; 2. For eacht 2 (0; 1] and n = 1; 2 let Xtn = Xn, de�ne a Spin(7)-structure (
tn; gtn)on Xtn by 
tn = t4
n and gtn = t2gn, and de�ne �tn : Xtn ! R8=G by�tn = t�n. Then (Xtn;
tn; gtn) is an ALE Spin(7)-manifold asymptoticto R8=G.Using the ideas of [15] or the explicit formula of Calabi [4, p. 285]we can show that there exist C2 > 0 and a smooth 3-form � tn onR8=G�Bt�(R8=G), satisfying(�tn)�(
tn) = 
0 + d� tn and ��rl� tn�� � C2t8r�7�l for l = 0; 1; 2(10)on R8=G�Bt�(R8=G), where j : j and r are de�ned using the metric g0.For j = 1; : : : ; k, choose nj to be 1 or 2. There are 2k ways ofde�ning the nj. We shall resolve each singular point pj in Z using Xtnjto get a 1-parameter family of resolutions (M t; �t) of Z.De�nition 5.8. For each j = 1; : : : ; k, de�ne open subsets M t0 inZ and M tj in Xtnj for 1 � j � k byM t0 = Z/ k[j=1 j�Bt4=5�(R8=G)� and M tj = (�tnj )�1�B2t4=5�(R8=G)�:



compact 8-manifolds with holonomy spin(7) 105That is, M t0 is the complement in Z of the closed balls of radius t4=5�about pj for 1 � j � k, and M tj is the inverse image of B2t4=5�(R8=G)in Xtnj .De�ne an equivalence relation `�' on the disjoint union `kj=0M tj byx � y if either (a) x = y,(b) x 2M tj and y 2 Uj\M t0 and  j��tnj (x) = y, for some j = 1; : : : ; k,or(c) y 2M tj and x 2 Uj\M t0 and  j��tnj (y) = x, for some j = 1; : : : ; k.De�ne the resolution M t of Z to be `kj=0M tj= �. It is easy to seethat M t is a compact 8-manifold. De�ne a projection �t : M t !Z by �t�[x]� = x when x 2 M t0, and �t�[x]� =  j � �tnj (x) whenx 2 M tj for some j = 1; : : : ; k, where [x] is the equivalence class ofx under �. Then �t is well-de�ned, continuous and surjective, and�t :M t�Skj=1(�t)�1(pj)! Z �fp1; : : : ; pkg is a di�eomorphism.Since the resolutions (M t; �t) of Z form a smooth connected family,they are all di�eomorphic to the same compact 8-manifold M . We canregard M tj as an open subset of M t for j = 0; : : : ; k, and then the M tjform an open cover of M t. If 1 � i; j � k and i 6= j then M ti \M tj = ;.The overlap M t0 \M tj is naturally isomorphic to an annulus in R8=G,with inner radius t4=5� and outer radius 2t4=5�. The reason for includingthe factors t4=5 will be explained shortly.We now calculate the fundamental group of M t.Proposition 5.9. If nj = 1 for j = 1; : : : ; k then �1(M t) �= Z2.Otherwise, M t is simply-connected.Proof. Since Y n fp1; : : : ; pkg is simply-connected by Condition 5.1and � acts freely on Y nfp1; : : : ; pkg, we see that the fundamental groupof Z n fp1; : : : ; pkg is Z2. The natural inclusion of Z n fp1; : : : ; pkgin M t induces a homomorphism from �1�Z n fp1; : : : ; pkg� to �1(M t),which is easily shown to be surjective. Also, as Xtnj is X1 or X2 wehave �1(Xtnj ) �= Z2.Therefore, �1(Mt) is Z2 if the generator of �1�Z n fp1; : : : ; pkg�projects to the nonzero element of �1(Xtnj ) for all 1 � j � k, and�1(M t) is trivial otherwise. But calculation shows that the generator of�1�Z nfp1; : : : ; pkg� is nonzero in �1(Xtnj ) if and only if nj = 1. q.e.d.This shows that of the 2k possible ways of choosing the nj, onepossibility gives �1(M t) = Z2, and the remaining 2k � 1 possibilities all



106 dominic joycegive simply-connected M t.5.3 A Spin(7)-structure (
t; gt) on M t with small torsionEach open subset M tj in M t carries a torsion-free Spin(7)-structure,(
Z ; gZ) for j = 0 and (
tnj ; gtnj ) for 1 � j � k. We shall join theseSpin(7)-structures together with a partition of unity to get a Spin(7)-structure (
t; gt) on M t and estimate its torsion.De�nition 5.10. Let � : [0;1)! [0; 1] be a smooth function with�(x) = 0 for x � � and �(x) = 1 for x � 2�. De�ne a 4-form �t on M tby �t = 
Z in M t0�Skj=1M tj , and �t = 
tnj in M tj nM t0 for 1 � j � k,and �t = 
0 + d��(t�4=5r)�j�+ d�(1� �(t�4=5r))� tnj� in M t0 \M tj(11)for 1 � j � k, where we identify M t0 \M tj with an annulus in R8=G inthe natural way. Since 
Z = 
0+d�j and 
tnj = 
0+d� tnj inM t0\M tj ,it follows that �t is smooth, and as 
Z, 
tnj and 
0 are closed, �t isclosed.Lemma 5.11. There exists C3 > 0 such that for each j = 1; : : : ; kand t 2 (0; 1], this 4-form �t satis�es���t � 
0�� � C3t8=5 and ��r(�t � 
0)�� � C3t4=5(12)in M t0 \M tj , where j : j and r are de�ned using the metric g0.Proof. Expanding (11) we �nd that�t � 
0 =�(t�4=5r)d�j + (1� �(t�4=5r))d� tnj+ t�4=5�0(t�4=5r)dr ^ (�j � � tnj )in M t0 \M tj . Since t4=5� � r � 2t4=5�, Proposition 5.6 and (10) showthat���j�� � 8C1�3t12=5; ��d�j�� � 4C1�2t8=5; ��rd�j�� � 2C1�t4=5;��� tnj �� � C2��7t12=5; ��d� tnj �� � C2��8t8=5 and ��rd� tnj �� � C2��9t4=5:Combining these with the previous equation and using the facts thatjdrj = 1 and �0 is bounded independently of t, we soon prove (12).q.e.d.



compact 8-manifolds with holonomy spin(7) 107We can now explain why we chose the power t4=5 in De�nition 5.8.Suppose we had de�ned M t and �t using t� in place of t4=5, for some� 2 [0; 1]. Then in the calculation above the �j and � tnj terms wouldcontribute O(t2�) and O(t8�8�) to �t � 
0 respectively, and so �t � 
0would be O(t2�) + O(t8�8�). This is smallest when 2� = 8 � 8�, thatis, when � = 4=5. So the power t4=5 minimizes the size of �t � 
0.Now we can de�ne the Spin(7)-structures (
t; gt) on M t.De�nition 5.12. Let � be as in Proposition 2.5, and choose� 2 (0; 1] such that C3�8=5 � �. Suppose t 2 (0; �]. Then���t � 
0�� � C3t8=5 � �in M t0 \M tj for 1 � j � k by (12), and so �t lies in TM t on M t0 \M tjby part (i) of Proposition 2.5. But �t is 
Z or 
tnj outside the overlapsM t0\M tj , and thus �t 2 C1(TM t). For each t 2 (0; �] de�ne 
t = �(�t),where � is given in Proposition 2.5. Then 
t 2 C1(AM t), and so 
textends to a Spin(7)-structure (
t; gt) on M t. De�ne a 4-form �t onM t by �t = �t � 
t. Then d
t + d�t = 0, as d�t = 0 on M t.Here �t is a 4-form which does not lie in AM t, but is close to AM tfor small t, and 
t is the section of AM t closest to �t. What is reallyhappening is that the Spin(7)-structure (
t; gt) is equal to (
tnj ; gtnj ) inM tjnM t0 and to (
Z; gZ) outsideM tj for j = 1; : : : ; k, and (
t; gt) interpo-lates smoothly between these two possibilities on the annulusM tj \M t0.5.4 Existence of torsion-free Spin(7)-structures on MNext we shall show that (
t; gt) can be deformed to a torsion-freeSpin(7)-structure on M when t is small.Theorem 5.13. In the situation above, there exist constants �; �; � >0 such that for all t 2 (0; �] we have(i) k�tkL2 � �t24=5 and kd�tkL10 � �t36=25;(ii) the injectivity radius �(gt) satis�es �(gt) � �t; and(ii) the Riemann curvature R(gt) satis�es R(gt)C0 � �t�2.Here all norms are calculated using the metric gt on M t.Proof. Outside the overlaps M t0 \M tj for 1 � j � k we either have�t = 
t = 
Z or �t = 
t = 
tnj . In both cases �t = �t � 
t = 0, and



108 dominic joyceso �t is zero outside the M t0 \M tj . In M t0 \M tj we apply part (ii) ofProposition 2.5 with 
 = 
0 and � = �t, to get���t��gt � j�t �
0jg0 and ��rgt�t��gt � C��rg0(�t � 
0)��g0 :Combining this with (12) gives���t��gt � C3t8=5 and ��d�t��gt � ��rgt�t��gt � CC3t4=5:Now each M t0 \M tj is an annulus in R8=G with inner radius t4=5�and outer radius 2t4=5�, and the metric gt on M t0 \M tj is close to theat metric g0 on R8=G. Therefore we can �nd C4 > 0 independent of tsuch that Pkj=1 vol�M t0 \M tj) � C4t32=5. HenceZMt j�tj2dV � (C3t8=5)2C4t32=5 andZMt jd�tj10dV � (CC3t4=5)10C4t32=5:Taking roots gives part (i) of the theorem, with � = C3max(C1=24 ; CC1=104 ).Parts (ii) and (iii) are elementary. The metric gtnj is made byscaling gnj by a factor t. Thus �(gtnj ) = t�(gnj ) and kR(gtnj )kC0 =t�2kR(gnj )kC0 . We make gt by gluing together the gtnj on the patchesM tj for j = 1; : : : ; k and gZ on M t0. It is clear that for small t, thedominant contributions to �(gt) and kR(gt)kC0 come from �(gtnj ) andkR(gtnj )kC0 for some j, and these are proportional to t and t�2. Thisproves (ii) and (iii) for some �; � > 0, and the theorem is complete.q.e.d.Finally we can prove our main result.Theorem 5.14. Suppose Condition 5.1 holds, and let M be thecompact 8-manifold de�ned in De�nition 5.8. Then there exist torsion-free Spin(7)-structures (~
; ~g) on M . If �1(M) = f1g then Hol(~g) =Spin(7), and if �1(M) = Z2 then Hol(~g) = Z2n SU(4).Proof. Let �; �; � be as in Theorem 5.13. Then Theorem 2.6 gives aconstant � > 0. Choose t > 0 with t � � � 1 and t � �. Let (
; g) bethe Spin(7)-structure (
t; gt) on M = M t, and � the 4-form �t. Thend
 + d� = 0 by De�nition 5.12, and parts (i){(iii) of Theorem 5.13imply (i){(iii) of Theorem 2.6, as t � 1.Therefore all the hypotheses of Theorem 2.6 hold, and the theoremshows that there exists a torsion-free Spin(7)-structure (~
; ~g) on M .



compact 8-manifolds with holonomy spin(7) 109It remains to identify the holonomy group Hol(~g) of ~g. Now we canregard the Spin(7)-orbifold (Z;
Z ; gZ) as the limit as t ! 0 of theSpin(7)-manifolds (M; ~
; ~g). Because of this, it is not di�cult to showthat Hol(gZ) � Hol(~g).Now Hol(gZ) = Z2n SU(4), and thusZ2n SU(4) � Hol(~g) � Spin(7):If �1(M) = f1g then Hol(~g) is connected. But the only connectedLie subgroup of Spin(7) containing Z2n SU(4) is Spin(7), so Hol(~g) =Spin(7). If �1(M) = Z2 then Hol(~g) 6= Spin(7) by Theorem 2.3.This forces Hol0(~g) = SU(4), and it is then easy to see that Hol(~g)= Z2n SU(4). q.e.d.Since by Proposition 5.9 we can always choose the nj so that Mis simply-connected, we can always arrange for ~g to have holonomySpin(7). When �1(M) = Z2, the complex orbifold Y has a crepantresolution ~Y , which admits K�ahler metrics ~g with holonomy SU(4),making it into a Calabi{Yau manifold. The action of � on Y lifts toa free action of � on ~Y , and so M = ~Y =h�i is a compact 8-manifold.If we choose ~g to be �-invariant then it pushes down to M , and hasholonomy Z2n SU(4).6. How to apply the constructionWe now explain ways of �nding orbifolds Y and involutions � : Y !Y satisfying Condition 5.1, and how to calculate the Betti numbers ofthe resulting 8-manifolds M with holonomy Spin(7).6.1 Finding suitable Calabi{Yau 4-orbifolds YTo apply the construction of x5 we need a source of compact K�ahler 4-orbifolds Y with c1(Y ) = 0 and isolated singularities modelled on C 4=Z4.Fortunately, physicists and algebraic geometers have been studying Ca-labi{Yau manifolds for many years, mainly in complex dimension 3.Several powerful methods have been developed for constructing Calabi{Yau manifolds, and we will adapt some of these to our problem.The main idea we shall use is borrowed from Candelas, Lynker andSchrimmrigk [5], who constructed a large number of Calabi{Yau 3-foldsas crepant resolutions of hypersurfaces in weighted projective spacesC P4a0;::: ;a4 . We shall explain their methods, beginning with weightedprojective spaces, which are an important class of complex orbifolds.



110 dominic joyceDe�nition 6.1. Let m � 1 be an integer, and a0; a1; : : : ; am pos-itive integers with highest common factor 1. Let Cm+1 have complexcoordinates on (z0; : : : ; zm), and de�ne an action of the complex Liegroup C � on Cm+1 by(z0; : : : ; zm) u7�!(ua0z0; : : : ; uamzm); for u 2 C � .(13)De�ne the weighted projective space C Pma0;::: ;am to be �Cm+1 n f0g�=C � ,where C � acts on Cm+1 n f0g with the action (13). Then C Pma0;::: ;am iscompact and Hausdor�, and has the structure of a complex orbifold.Let [z0; : : : ; zm] be a point in C Pma0;::: ;am , and let k be the highestcommon factor of the set of those aj for which zj 6= 0. If k = 1 then[z0; : : : ; zm] is a nonsingular point of C Pma0;::: ;am , and if k > 1 then[z0; : : : ; zm] is an orbifold point with orbifold group Zk.We call a polynomial f(z0; : : : ; zm) weighted homogeneous of degreed iff(ua0z0; : : : ; uamzm) = udf(z0; : : : ; zm) for all u; z0; : : : ; zm 2 C .Let f be such a polynomial, and de�ne a hypersurface Y in C Pma0;::: ;amby Y = �[z0; : : : ; zm] 2 C Pma0;::: ;am : f(z0; : : : ; zm) = 0	:Then we call Y a hypersurface of degree d in C Pma0;::: ;am .We say that f is transverse if f(z0; : : : ; zm) = 0 and df(z0; : : : ; zm) =0 have no common solutions in Cm+1 n f0g. If f is transverse then theonly singular points of Y are also singular points of C Pma0;::: ;am , and Y isan orbifold, all of whose orbifold groups are cyclic. Note that for givenweights a0; : : : ; am and degree d, there may not exist any transversepolynomials f .So let Y be a hypersurface of degree d in C Pma0;::: ;am , de�ned bya transverse polynomial. Using the adjunction formula, we �nd thatc1(Y ) = 0 if and only if d = a0+ � � �+am. In this case it is easy to showthat Y is a Calabi{Yau orbifold. Candelas et al. [5] considered the casem = 4, and used a computer to search for Calabi{Yau 3-orbifolds of thiskind, �nding some 6000 examples. They then resolved the singularitiesof each to get a Calabi{Yau 3-manifold.As we are interested in Calabi{Yau 4-orbifolds, we shall considerhypersurfaces Y in C P5a0;::: ;a5 . Here is a simple class of such Y .



compact 8-manifolds with holonomy spin(7) 111Example 6.2. Let a0; : : : ; a5 be positive integers with highest com-mon factor 1, and let d = a0 + � � � + a5. Usually we order the aj witha0 � a1 � � � � � a5. Suppose that aj divides d for j = 0; : : : ; 5, andde�ne kj = d=aj . De�ne a hypersurface Y in C P5a0;::: ;a5 byY = �[z0; : : : ; z5] 2 C P5a0;::: ;a5 : zk00 + � � � + zk55 = 0	:Since ajkj = d we see that zk00 + � � � + zk55 is a weighted homogeneouspolynomial of degree d, and it is also transverse.Therefore Y is a complex orbifold, with singularities only at theintersection of Y with the singular set of C P5a0;::: ;a5 . Since the degreed of Y satis�es d = a0 + � � � + a5, we have c1(Y ) = 0. Also Y admitsK�ahler metrics, as C P5a0;::: ;a5 is K�ahler. So Y is a compact complexorbifold with c1(Y ) = 0, admitting K�ahler metrics.Now to apply the construction of x5, the singular points of Y mustsatisfy Condition 5.1. This is a strong restriction on a0; : : : ; a5, whichadmits only a few solutions. However, we can get many other suitableorbifolds Y by generalizing our construction a bit. Here are four waysto do this.� De�ning Y by a di�erent polynomial. We could de�ne Yusing some more general transverse weighted homogenous poly-nomial of degree d in z0; : : : ; z5, instead of zk00 + � � � + zk55 . Therequirement that aj divides d for j = 0; : : : ; 5 is then replaced bysome other condition on the aj and d.� Dividing by a �nite group. Let W be a Calabi{Yau hypersur-face in C P5a0;::: ;a5 , and G a �nite group acting on W preserving itsCalabi{Yau structure. Then Y =W=G is a Calabi{Yau orbifold.� Partial crepant resolutions. LetW be a Calabi{Yau hypersur-face in C P5a0;::: ;a5 which has some singularities of the kind we want,together with other singularities that we don't want. We let Y bea partial crepant resolution of W , which resolves the singularitiesthat we don't want, leaving those that we do.� Complete intersections in C Pma0;::: ;a5 . Rather than a hypersur-face in C P5a0;::: ;a5 , we take Y to be a complete intersection of m�4hypersurfaces in C Pma0;::: ;am , for some m > 5.We can also use combinations of these four techniques | for in-stance, we can take Y to be a partial crepant resolution of W=G, whereW is a hypersurface in C P5a0;::: ;a5 , and G a �nite group acting on W .



112 dominic joyce6.2 Antiholomorphic maps � : Y ! YSuppose we have chosen an orbifold Y as above, with isolated singularpoints p1; : : : ; pk. The next ingredient in our construction is an antiholo-morphic involution � : Y ! Y , which should �x only p1; : : : ; pk. Forexample, suppose Y is a hypersurface in C P5a0;::: ;a5 . Then to �nd � wewould look for an antiholomorphic involution � : C P5a0;::: ;a5 ! C P5a0;::: ;a5with �(Y ) = Y , and restrict � to Y .The most obvious such � maps [z0; : : : ; z5] 7! [�z0; : : : ; �z5]. But thiswill not do, as its �xed points are not isolated in Y . To get isolated�xed points we need to try something more subtle. Here is an exampleof the kind of thing we mean.Example 6.3. In the situation of Example 6.2, suppose thata0; : : : ; a3 are odd and a4; a5 even with a0 = a1, a2 = a3 and a4 = a5.De�ne � : C P5a0;::: ;a5 ! C P5a0;::: ;a5 by� : [z0; : : : ; z5] 7! [�z1;��z0; �z3;��z2; �z5; �z4]:As � swaps the pairs z0; z1 and z2; z3 and z4; z5, we need a0 = a1, a2 = a3and a4 = a5 for � to be well-de�ned. Clearly � is antiholomorphic,and �(Y ) = Y .Now �2 acts by�2 : [z0; : : : ; z5] 7! [�z0;�z1;�z2;�z3; z4; z5]:But putting u = �1 in (13) gives [�z0;�z1;�z2;�z3; z4; z5] = [z0; : : : ; z5],as a0; : : : ; a3 are odd and a4; a5 even. Thus �2 = 1, and � : Y ! Y isan antiholomorphic involution.It is not di�cult to show that the �xed points of � in C P5a0;::: ;a5 are�[0; 0; 0; 0; 1; ei� ] 2 C P5a0;::: ;a5 : � 2 [0; 2�)	:Now [0; 0; 0; 0; 1; ei� ] lies in Y if 1 + ek5i� = 0. The solutions to thisequation are hcf(k4; k5) isolated points in Y .Observe the trick we have used here: if aj = aj+1 then we can choose� to act on the coordinates zj ; zj+1 by (zj ; zj+1) 7! (�zj+1;��zj). All the�xed points of � will then satisfy zj = zj+1 = 0. By doing this with twopairs of coordinates, say z0; z1 and z2; z3, the �xed points of � satisfyz0 = z1 = z2 = z3 = 0. Thus they will be of complex codimension 4 inY , and will be isolated, as we want.



compact 8-manifolds with holonomy spin(7) 113This trick can also be adapted to more general situations, in whichY is a quotient by a �nite group, or a partial crepant resolution, andso on. Note that as �2 maps (zj ; zj+1) 7! (�zj;�zj+1), care must betaken to ensure that �2 = 1.6.3 Calculating the Euler characteristic of YTo determine the Betti numbers of the 8-manifold M that we con-struct, we will need to know the Euler characteristic of Y . Now thereare two di�erent notions of the Euler characteristic of an orbifold, de-�ned by Satake [19, x3.3]. The version we are interested in is theordinary Euler characteristic �(Y ), which is an integer and satis�es�(Y ) =P2nj=0(�1)jbj(Y ). There is also the orbifold Euler characteristic�V (Y ), which is a rational number that crops up naturally in problemsinvolving characteristic classes.In the next example we explain an elementary and fairly crudemethod for �nding�(Y ) in the case that Y is a hypersurface in C Pma0;::: ;am ,of the kind considered in Example 6.2. It is also possible to calculate�V (Y ) using Chern classes and get �(Y ) by adding on contributionsfrom the singular set (see for instance Hosono et al. [9, x2]), but we willnot discuss this.Example 6.4. Let a0; : : : ; am, k0; : : : ; km and d be positive integerswith ajkj = d for j = 0; : : : ;m. For each j = 0; : : : ;m, de�ne Yj �C Pja0;::: ;aj byYj = �[z0; : : : ; zj ] 2 C Pja0;::: ;aj : zk00 + � � �+ zkjj = 0	;and de�ne �j : Yj ! C Pj�1a0;::: ;aj�1 by �j : [z0; : : : ; zj ] 7! [z0; : : : ; zj�1].Suppose for simplicity that ai divides aj for 0 � i < j � m. Thenfor each j, �j is a kj-fold branched cover of C Pj�1a0;::: ;aj�1 , branched overYj�1. That is, if p 2 C Pj�1a0;::: ;aj�1 then ��1j (p) is one point when p 2 Yj�1and kj points when p =2 Yj�1. It follows that�(Yj) = kj � �(C Pj�1a0;::: ;aj�1) + (1� kj)�(Yj�1)= kjj + (1� kj)�(Yj�1);(14)since �(C Pj�1a0;::: ;aj�1) = j. This equation gives �(Yj) in terms of �(Yj�1).Hence by induction we can write �(Ym) in terms of �(Y0). But Y0 = ;so that �(Y0) = 0, and thus we determine �(Ym).



114 dominic joyceIf ai does not divide aj for some 0 � i < j � m, then �j is alsobranched over other parts of C Pj�1a0;::: ;aj�1 . Let p = [z0; : : : ; zj�1] be inC Pj�1a0;::: ;aj�1 n Yj�1, and let I be the set of i in f0; : : : ; j � 1g for whichzi 6= 0. De�ne l = hcf(ai : i 2 I) and m = hcf(l; aj). Then it turns outthat ��1j (p) is kjm=l points in Yj. Clearly kjm=l = kj if l = m, that is,if l divides aj.Thus �j is also branched over subsets of C Pj�1a0;::: ;aj�1 n Yj�1 corre-sponding to subsets I � f0; : : : ; j� 1g for which l = hcf(ai : i 2 I) doesnot divide aj. To calculate �(Yj) in this case we must modify (14) byadding in contributions from each such I. We will explain this when wemeet it in examples later.6.4 How to �nd topological invariants of Y , Z and MTo calculate the cohomology and fundamental group of our complexorbifolds Y we will need the following result, a form of the LefschetzHyperplane Theorem. It is proved in Gri�ths and Harris [8, p. 156] andGoresky and MacPherson [6, p. 153].Theorem 6.5. Let M be a compact, m-dimensional complex man-ifold, N a nonsingular hypersurface in M , and L the holomorphic linebundle overM associated to the divisor N . Suppose L is positive. Then:(a) the map Hk(M; C ) ! Hk(N; C ) induced by the inclusion N ,!Mis an isomorphism for 0 � k � m� 2 and injective for k = m� 1,and(b) the map of homotopy groups �k(N)! �k(M) induced by the inclu-sion N ,!M is an isomorphism for 0 � k � m� 2 and surjectivefor k = m� 1.The result also holds if M and N are orbifolds instead of manifolds,and N is a nonsingular hypersurface in the orbifold sense.Here is a procedure for calculating the fundamental group and Bettinumbers of Y , Z and M . The most di�cult part is �nding the Eulercharacteristic �(Y ), which we have already explained above.(a) Calculate �1(Y ), H2(Y; C ) and H3(Y; C ) explicitly. This can usu-ally be done using Theorem 6.5. If Y is a hypersurface in C P5a0;::: ;a5then �1(Y ) = f1g, H2(Y; C ) = C and H3(Y; C ) = 0. Verify that�1�Y n fp1; : : : ; pkg� = f1g and h2;0(Y ) = 0, as in Condition 5.1.



compact 8-manifolds with holonomy spin(7) 115(b) Compute the Euler characteristic �(Y ) of Y , as in x6.3.(c) Calculate H2(Z; C ) and H3(Z; C ) from H2(Y; C ) and H3(Y; C ).Note that Hj(Z; C ) is the �-invariant part of Hj(Y; C ). Since �swaps Hp;q(Y ) and Hq;p(Y ), it follows that b3(Z) = 12b3(Y ).(d) Compute the Euler characteristic �(Z) of Z. If � �xes k points inY , then this is given by �(Z) = 12��(Y ) + k�.(e) From (c) we know b2(Z) and b3(Z), and b1(Z) = 0 as �1(Z) is�nite. Thus we can calculate b4(Z) using the formula b4(Z) =�(Z)� 2� 2b2(Z) + 2b3(Z).(f) Now M was constructed in x5 by gluing Xn1 ; : : : ;Xnk into Z,where nj = 1 or 2 and X1, X2 are de�ned in x4. It is easy to showthat the Betti numbers of X1 and X2 are b1 = b2 = b3 = 0 andb4 = 1. Therefore the Betti numbers bj(M) satisfybj(M) = bj(Z) for j = 1; 2; 3, and b4(M) = b4(Z) + k:(15)Also, Proposition 5.9 gives �1(M).(g) As M has metrics with holonomy Spin(7) or Z2n SU(4) by The-orem 5.14, we know that Â(M) = 1. Thus (2) givesb2(M)� b3(M)� b4+(M) + 2b4�(M) + 25 = 0:So we can calculate b4�(M) using the equationsb4+(M) = 13�b2(M) � b3(M) + 2b4(M) + 25�;b4�(M) = 13��b2(M) + b3(M) + b4(M)� 25�:(16)6.5 A way of checking the answersIf you make a mistake at some stage in these calculations, which is quiteeasy to do, then you are likely not to notice unless your values for b4�(M)are not integers. Thus it is desirable to have some method for checkingthe answers. Here is a way of doing this. All of our examples have beenchecked for consistency in this way and others, but for brevity we willleave out the calculations.Suppose we can compute the Hodge number h3;1(Y ), using complexgeometry. Then we can compute b4�(Z) using the formulab4�(Z) = h3;1(Y ) + b2(Y )� b2(Z)� 1:



116 dominic joyceBut as X1 and X2 have b4� = 1, as in (15) we have b4�(M) = b4�(Z) + k.This gives an independent way of �nding b4�(M), which can be comparedwith your answer in part (g) above.Now there is a complicated method for computing h3;1(Y ) involvingspectral sequences, and also a much simpler method called the `polyno-mial deformation method' which does not always give the right answer.Both are discussed by Green and H�ubsch [7]. Here is a sketch of thepolynomial deformation method.For simplicity suppose that Y is a hypersurface of degree d in C P5a0;::: ;a5 .As Y is a Calabi-Yau orbifold, h3;1(Y ) is the dimension of the modulispace of complex structures on Y . We assume (this is not necessarilytrue) that every small deformation of Y is also a hypersurface of degreed in C P5a0;::: ;a5 , and that two nearby isomorphic hypersurfaces Y; Y 0 ofdegree d are related by an automorphism of C P5a0;::: ;a5 .If these assumptions hold, then h3;1(Y ) = m � n, where m is thedimension of the space of hypersurfaces of degree d in C P5a0;::: ;a5 , and nis the dimension of the automorphism group of C P5a0;::: ;a5 . Both m andn are readily computed from a0; : : : ; a5 and d.7. A simple exampleLet Y be the hypersurface of degree 12 in C P51;1;1;1;4;4 given byY = �[z0; : : : ; z5] 2 C P51;1;1;1;4;4 : z120 + z121 + z122 + z123 + z34 + z35 = 0	:Then c1(Y ) = 0, as 12 = 1+1+1+1+4+4, and Y is K�ahler as C P51;::: ;4is K�ahler. Calculation shows that Y has three singular points p1 =[0; 0; 0; 0; 1;�1], p2 = [0; 0; 0; 0; 1; e�i=3 ] and p3 = [0; 0; 0; 0; 1; e��i=3 ],satisfying Condition 5.1.We use the method of x6.3 to calculate the Euler characteristic �(Y ).Proposition 7.1. The orbifold Y de�ned above has �(Y ) = 4887.Proof. De�ne Yj and �j as in x6.3, where Y5 = Y . Then Y1 is theset of 12 points [z0; z1] in C P1 with z120 + z121 = 0, and so �(Y1) = 12.Now �2 : Y2 ! C P1 is a 12-fold branched cover branched over Y1, so by(14) we have�(Y2) = 12�(C P1)� 11�(Y1) = 12 � 2� 11 � 12 = �108:



compact 8-manifolds with holonomy spin(7) 117Similarly, �3 : Y3 ! C P2 is a 12-fold branched cover branched over Y2,so that�(Y3) = 12�(C P2)� 11�(Y2) = 12 � 2� 11 � (�108) = 1224:And �4 : Y4 ! C P3 is a 3-fold branched cover of C P3 branched over Y3,giving �(Y4) = 3�(C P3)� 2�(Y3) = 3 � 4� 2 � 1224 = �2436:Finally, �5 : Y ! C P41;1;1;1;4 is a 3-fold branched cover of C P41;1;1;1;4branched over Y4, and so�(Y ) = 3�(C P41;1;1;1;4)� 2�(Y4) = 3 � 5� 2 � (�2436) = 4887;as we want. q.e.d.Proposition 7.2. The Betti numbers of Y areb0(Y ) = 1; b1(Y ) = 0; b2(Y ) = 1; b3(Y ) = 0 and b4(Y ) = 4883:Also Y n fp1; p2; p3g is simply-connected and h2;0(Y ) = 0.Proof. Theorem 6.5 shows that Hk(Y; C ) �= Hk(C P51;::: ;4; C ) for 0 �k � 3. Since bk(C P51;::: ;4) is 1 for k even with 0 � k � 10 and 0otherwise, this shows that b0(Y ) = b2(Y ) = 1 and b1(Y ) = b3(Y ) = 0,and so b4(Y ) = 4883 as �(Y ) = 4887.Theorem 6.5 also gives �1(Y ) �= �1(C P51;::: ;4), so Y is simply-connected.As the nonsingular set of C P51;::: ;4 is simply-connected, we can strengthenthis to show that Y n fp1; p2; p3g is simply-connected. The isomorphismHk(Y; C ) �= Hk(C P51;::: ;4; C ) above identi�esHp;q(Y ) withHp;q(C P51;::: ;4),and so hp;q(Y ) = hp;q(C P51;::: ;4) for p+ q � 3. Hence h2;0(Y ) = 0. q.e.d.Now de�ne a map � : Y ! Y by� : [z0; : : : ; z5] 7�! [�z1;��z0; �z3;��z2; �z5; �z4]:As in Example 6.3, we �nd that � is an antiholomorphic involution of Y ,and that the �xed points of � are exactly p1; p2; p3. Thus Condition 5.1holds for Y and �. So we can apply the construction of x5, and resolvethe orbifold Z = Y=h�i to get a compact 8-manifold M . Choosingnj = 2 for at least one j = 1; 2; 3, Proposition 5.9 shows that M issimply-connected, and Theorem 5.14 shows thatM admits metrics withholonomy Spin(7).



118 dominic joyceTheorem 7.3. This compact 8-manifold M has Betti numbersb0 = 1; b1 = b2 = b3 = 0; b4 = 2446; b4+ = 1639 and b4� = 807:There exist metrics with holonomy Spin(7) on M , which form a smoothfamily of dimension 808.Proof. We �rst calculate the Betti numbers of Z. As � �xes 3 pointsin Y , by properties of the Euler characteristic we �nd that �(Z) =12(�(Y ) + 3). But �(Y ) = 4887 by Proposition 7.1, so �(Z) = 2445. AsHk(Z; C ) is the �-invariant part ofHk(Y; C ) we see from Proposition 7.2that b0(Z) = 1 and b1(Z) = b3(Z) = 0. Also H2(Y; C ) is generated by[!Y ] and ��(!Y ) = �!Y , so � acts as �1 onH2(Y; C ), andH2(Z; C ) = 0.Thus b0(Z) = 1, b1(Z) = b2(Z) = b3(Z) = 0 and �(Z) = 2445,giving b4(Z) = 2443. Equation (15) then gives the Betti numbers ofM , and (16) gives b4�. Theorem 5.14 shows that there exist torsion-freeSpin(7)-structures (~
; ~g) on M , with Hol(~g) = Spin(7) as M is simply-connected. By Theorem 2.4 the moduli space of metrics on M withholonomy Spin(7) is a smooth manifold of dimension 1+ b4�(M) = 808.q.e.d.7.1 A variation on this exampleHere is a variation on the above, using the idea of partial crepant res-olution mentioned in x6.1. Let Y be as above, but de�ne �0 : Y ! Yby �0 : [z0; : : : ; z5] 7�! [�z1;��z0; �z3;��z2; �z4; �z5]:Then �0 is an antiholomorphic involution of Y , which �xes the pointp1 = [0; 0; 0; 0; 1;�1] in Y , and no other points. In particular, �0 swapsover the other two singular points p2; p3.Thus Y and �0 do not satisfy Condition 5.1, because the �xed set of�0 is not the same as the singular set fp1; p2; p3g of Y . To rectify thiswe resolve the singular points p2; p3. Let Y 0 be the blow-up of Y at p2and p3. This is a crepant resolution of Y , and so is also a Calabi{Yauorbifold.Then Y 0 has just the one singular point p1. The action of �0 on Ylifts to Y 0, with sole �xed point p1. Thus Condition 5.1 holds for Y 0and �0. Therefore we can apply the construction of x5 to Y 0 and �0,so that Z 0 = Y 0=h�0i is a compact Spin(7)-orbifold with one singularpoint p1 modelled on R8=G. Choosing n1 = 2 we get a resolution M 0 of



compact 8-manifolds with holonomy spin(7) 119Z 0, which is a compact, simply-connected 8-manifold admitting metricswith holonomy Spin(7).We shall calculate the topological invariants of Y 0 and M 0.Proposition 7.4. The Betti numbers of Y 0 areb0 = 1; b1 = 0; b2 = 3; b3 = 0 and b4 = 4885; so that �(Y 0) = 4893:Also, Y 0 n fp1g is simply-connected and h2;0(Y 0) = 0.Proof. By de�nition Y 0 is the blow-up of Y at p2; p3. Each blow-up�xes b1 and b3 and adds 1 to b2 and b4. So the Betti numbers of Y 0follow from Proposition 7.2. As Y n fp1; p2; p3g is simply-connected andh2;0(Y ) = 0, we see that Y 0 nfp1g is simply-connected and h2;0(Y 0) = 0.q.e.d.Here is the analogue of Theorem 7.3:Theorem 7.5. This compact 8-manifold M 0 has Betti numbersb0 = 1; b1 = 0; b2 = 1; b3 = 0; b4 = 2444; b4+ = 1638 and b4� = 806:There exist metrics with holonomy Spin(7) on M 0, which form a smoothfamily of dimension 807.Proof. As � �xes 1 point in Y 0 we have �(Z 0) = 12(�(Y 0) + 1),so �(Z 0) = 2447 by the previous proposition. Since Hk(Z 0; C ) is the �-invariant part of Hk(Y 0; C ) we have b0(Z 0) = 1 and b1(Z 0) = b3(Z 0) = 0.Now b2(Y 0) = 3, and H2(Y 0; C ) is generated by [!Y 0 ] and the cohomol-ogy classes dual to the two exceptional divisors C P3 introduced by blow-ing up p2 and p3. But �0 swaps p2 and p3, so �0� swaps the correspond-ing classes in H2(Y 0; C ), and �0�(!Y 0) = �!Y 0 by de�nition. ThereforeH2(Y 0; C ) �= C � C 2 , where �0� acts as 1 on C and �1 on C 2 . HenceH2(Z 0; C ) �= C , and b2(Z 0) = 1.Thus b0(Z 0) = b2(Z 0) = 1, b1(Z 0) = b3(Z 0) = 0 and �(Z 0) = 2447,giving b4(Z 0) = 2443. Equation (15) then gives the Betti numbers ofM , and (16) gives b4�. Theorem 5.14 shows that there exist torsion-freeSpin(7)-structures (~
; ~g) on M , with Hol(~g) = Spin(7) as M is simply-connected. By Theorem 2.4 the moduli space of metrics on M withholonomy Spin(7) is a smooth manifold of dimension 1+ b4�(M) = 807.q.e.d.



120 dominic joyceObserve that the Betti numbers of M and M 0 in Theorems 7.3 and7.5 are very similar. It is an interesting question whether one can regardM andM 0 as two di�erent resolutions of some singular Spin(7)-manifoldM0, not necessarily an orbifold. We leave this as a research exercise forthe reader; the answer is not as simple as it looks.8. Examples from hypersurfaces in C P5a0;::: ;a5Here are three more examples based on hypersurfaces in C P5a0;::: ;a5 .8.1 A hypersurface of degree 16 in C P51;1;1;1;4;8Let Y be the hypersurface of degree 16 in C P51;1;1;1;4;8 given byY = �[z0; : : : ; z5] 2 C P51;1;1;1;4;8 : z160 + z161 + z162 + z163 + z44 + z25 = 0	:Then c1(Y ) = 0. We �nd that Y has two singular points p1 = [0; 0; 0; 0; 1; i]and p2 = [0; 0; 0; 0; 1;�i], both satisfying Condition 5.1.Following Propositions 7.1 and 7.2, we �nd that �(Y ) = 9498, andProposition 8.1. The Betti numbers of Y areb0 = 1; b1 = 0; b2 = 1; b3 = 0 and b4 = 9494:Also Y n fp1; p2g is simply-connected and h2;0(Y ) = 0.De�ne an antiholomorphic involution � : Y ! Y by� : [z0; : : : ; z5] 7�! [�z1;��z0; �z3;��z2; �z4;��z5]:The �xed points of � are exactly the singular points p1; p2 of Y . ThusCondition 5.1 holds for Y and �, and we can apply the construction ofx5. Resolving Z = Y=h�i gives a compact 8-manifold M . We choose atleast one of n1; n2 to be 2, so that M is simply-connected. Then as inTheorem 7.3, we get:Theorem 8.2. This compact 8-manifold M has Betti numbersb0 = 1; b1 = b2 = b3 = 0; b4 = 4750; b4+ = 3175 and b4� = 1575:There exist metrics with holonomy Spin(7) on M , which form a smoothfamily of dimension 1576.



compact 8-manifolds with holonomy spin(7) 1218.2 A hypersurface of degree 24 in C P51;1;1;1;8;12Let Y be the hypersurface of degree 24 in C P51;1;1;1;8;12 given byY = �[z0; : : : ; z5] 2 C P51;1;1;1;8;12 : z240 + z241 + z242 + z243 + z34 + z25 = 0	:Then c1(Y ) = 0. We �nd that Y has one singular point p1 = [0; 0; 0; 0;�1; 1],which satis�es Condition 5.1.Following Proposition 7.1, we �nd that �(Y ) = 23 325. Care isneeded to get the right answer here. De�ne �5 : Y ! C P41;1;1;1;8 by�5 : [z0; : : : ; z5] 7! [z0; : : : ; z4], and Y4 � C P41;1;1;1;8 byY4 = �[z0; : : : ; z4] 2 C P41;1;1;1;8 : z240 + z241 + z242 + z243 + z34 = 0	:Then �5 is a double cover of C P41;1;1;1;8 branched over Y4 and the point[0; 0; 0; 0; 1] in C P41;1;1;1;8. Hence we get�(Y ) = 2�(C P41;1;1;1;8)� �(Y4)� �([0; 0; 0; 0; 1]) = 9� �(Y4):If we had not observed that �5 is also branched over [0; 0; 0; 0; 1], thenwe would have got �(Y ) = 23 326, which is incorrect.As in Proposition 7.2, we show:Proposition 8.3. The Betti numbers of Y areb0 = 1; b1 = 0; b2 = 1; b3 = 0 and b4 = 23 231:Also Y n fp1g is simply-connected and h2;0(Y ) = 0.De�ne an antiholomorphic involution � : Y ! Y by� : [z0; : : : ; z5] 7�! [�z1;��z0; �z3;��z2; �z4; �z5]:The �xed points of � are exactly the singular point p1 of Y . ThusCondition 5.1 holds for Y and �, and choosing the simply-connectedresolution M of Z = Y=h�i, in the usual way we get:Theorem 8.4. This compact 8-manifold M has Betti numbersb0 = 1; b1 = b2 = b3 = 0; b4 = 11 662; b4+ = 7783 and b4� = 3879:There exist metrics with holonomy Spin(7) on M , which form a smoothfamily of dimension 3880.This is the example with the largest value of b4 known to the author.



122 dominic joyce8.3 A hypersurface of degree 40 in C P51;1;5;5;8;20Here is a more complicated example, in which the hypersurface inC P5a0;::: ;a5 has other singularities which must �rst be resolved. Let Wbe the hypersurface of degree 40 in C P51;1;5;5;8;20 given byW = �[z0; : : : ; z5] 2 C P51;1;5;5;8;20 : z400 + z401 + z82 + z83 + z54 + z25 = 0	:Then c1(W ) = 0. The singularities of W are the disjoint union of thesingle point p1 = [0; 0; 0; 0;�1; 1] and the nonsingular curve � of genus3 given by� = �[0; 0; z2; z3; 0; z5] 2 C P51;1;5;5;8;20 : z82 + z83 + z25 = 0	:The singular point at p1 satis�es Condition 5.1. The singularity ateach point of � is modelled on C � C 3=Z5, where the generator � of Z5acts on C 3 by� : (z0; z1; z4) 7! (e2�i=5z0; e2�i=5z1; e�4�i=5z4):Now the singularity C 3=Z5 normal to � in W has a unique crepantresolution X, which can be described using toric geometry. Let Y bethe partial crepant resolution of W which resolves the singularities at� using X, but leaves the singular point p1 unchanged.Proposition 8.5. The Betti numbers of Y areb0 = 1; b1 = 0; b2 = 3; b3 = 12; and b4 = 7453:Also Y n fp1g is simply-connected and h2;0(Y ) = 0.Proof. Calculating the Betti numbers of W in the usual way givesb0(W ) = 1; b1(W ) = 0; b2(W ) = 1; b3(W ) = 0; b4(W ) = 7449:(17)As W is modelled on C � C 3=Z5 at each point of �, the resolution Y ismodelled on C �X. Since b2(X) = b4(X) = 2, the Betti numbers of Ysatisfy bk(Y ) = bk(W ) + 2bk�2(�) + 2bk�4(�):But � has genus 3, and so its Betti numbers are b0(�) = b2(�) = 1 andb1(�) = 6. Combining this with (17) gives the Betti numbers of Y . Thelast part follows as in Proposition 7.2. q.e.d.



compact 8-manifolds with holonomy spin(7) 123De�ne � :W !W by� : [z0; : : : ; z5] 7�! [�z1;��z0; �z3;��z2; �z4; �z5]:The only �xed point of � is p1. Moreover, � lifts to the resolution Y ofW , and � : Y ! Y is an antiholomorphic involution which �xes onlyp1 in Y . Thus Condition 5.1 holds for Y and �, and we can apply theconstruction of x5, and resolve Z = Y=h�i to get a simply-connected8-manifold M . Proceeding in the usual way, the end result isTheorem 8.6. This compact 8-manifold M has Betti numbersb0 = 1; b1 = b2 = 0; b3 = 6; b4 = 3730; b4+ = 2493 and b4� = 1237:There exist metrics with holonomy Spin(7) on M , which form a smoothfamily of dimension 1238.Note that b3 > 0 in this example; this is because the resolution ofthe singular curve � contributes H1(�; C )
H2(X; C ) = C 6 
 C 2 = C 12to H3(Y; C ). Half of this C 12 is �-invariant, and so pushes down toH3(Z; C ) and lifts to H3(M; C ).9. A hypersurface in C P51;1;1;1;2;2 over Z2Let W be the hypersurface of degree 8 in C P51;1;1;1;2;2 given byW = �[z0; : : : ; z5] 2 C P51;1;1;1;2;2 : z80 + z81 + z82 + z83 + z44 + z45 = 0	:Then c1(W ) = 0. We �nd that W has four singular points p1; : : : ; p4modelled on C 4=f�1g, given by[0; 0; 0; 0; 1; e�i=4 ]; [0; 0; 0; 0; 1; e3�i=4 ];[0; 0; 0; 0; 1; e5�i=4 ]; [0; 0; 0; 0; 1; e7�i=4 ]:De�ne � :W !W by� : [z0; : : : ; z5] 7! [iz0; iz1; iz2; iz3; z4; z5]:Then �2 = 1, as [z0; : : : ; z5] = [�z0;�z1;�z2;�z3; z4; z5] in C P51;1;1;1;2;2.The �xed set of � is the four points p1; : : : ; p4 together with the compactcomplex surface S in W , given byS = �[z0; z1; z2; z3; 0; 0] 2 C P51;1;1;1;2;2 : z80 + z81 + z82 + z83 = 0	:



124 dominic joyceThus W=h�i is a compact complex orbifold. Its singular set is the dis-joint union of p1; : : : ; p4 and S. Each singular point pj is modelled onC 4=Z4, where the generator � of Z4 acts on C 4 by (6). Each singularpoint in S is locally modelled on C 2 � C 2=f�1g.Let Y be the blow-up of W=h�i along S. Because the singularitiesnormal to S are modelled on C 2=f�1g, this is a partial crepant resolu-tion. So Y is a compact complex orbifold with isolated singular pointsp1; : : : ; p4, modelled on C 4=h�i. Now c1(W ) = 0, so c1(W=h�i) = 0,and as Y is a partial crepant resolution of W=h�i we see that c1(Y ) = 0.Proposition 9.1. The Betti numbers of Y areb0 = 1; b1 = 0; b2 = 2; b3 = 0 and b4 = 1806:Also Y n fp1; : : : ; p4g is simply-connected and h2;0(Y ) = 0.Proof. As in Proposition 7.1, we �nd �(W ) = 2708 and �(S) = 304.Thus �(W=h�i) =12��(W ) + �(4 points) + �(S)�=12 (2708 + 4 + 304) = 1508:Using Theorem 6.5 we �nd that W has b0 = b2 = 1 and b1 = b3 = 0,and it soon follows that W=h�i also has b0 = b2 = 1 and b1 = b3 = 0.Since �(W=h�i) = 1508 we see that b4(W=h�i) = 1504.Now Y is the blow-up of W=h�i along S, so that each point of S isreplaced by a copy of C P1. It can be shown that the Betti numbers ofY satisfy bk(Y ) = bk(W=h�i) + bk�2(S):(18)But S can be thought of as an octic in C P3, and by the usual methodwe �nd that the Betti numbers of S are b0 = 1, b1 = 0, b2 = 302,b3 = 0 and b4 = 1. Combining these with (18) and the Betti numbersof W=h�i above gives the Betti numbers of Y . The last part follows asusual. q.e.d.De�ne an antiholomorphic involution � :W !W by� : [z0; : : : ; z5] 7�! [�z1;��z0; �z3;��z2; �z5; �z4]:The �xed points of � are exactly the singular points p1; : : : ; p4 of W .Also � commutes with �, and acts freely on S. Hence � pushes down to



compact 8-manifolds with holonomy spin(7) 125an antiholomorphic involution of W=h�i, and lifts to the blow-up Y , togive an antiholomorphic involution � : Y ! Y with �xed points p1; : : : ; p4.Thus Condition 5.1 holds for Y and �, and in the usual way wechoose a simply-connected resolution M of Z = Y=h�i satisfying:Theorem 9.2. This compact 8-manifold M has Betti numbersb0 = 1; b1 = b2 = b3 = 0; b4 = 910; b4+ = 615 and b4� = 295:There exist metrics with holonomy Spin(7) on M , which form a smoothfamily of dimension 296.9.1 A variation on this exampleWe shall use the idea of x7.1 to make a second 8-manifold M 0 from theorbifold Y above. Let W and Y be as in x9.1, but de�ne �0 : W ! Wby �0 : [z0; : : : ; z5] 7�! [�z1;��z0; �z3;��z2; �z4; i�z5]:Then �0 pushes down to W=h�i and lifts to Y as above. However,this time �0 �xes the singular points p1 = [0; 0; 0; 0; 1; e�i=4 ] and p2 =[0; 0; 0; 0; 1; e5�i=4 ] in Y , but it swaps round p3 = [0; 0; 0; 0; 1; e3�i=4 ]and p4 = [0; 0; 0; 0; 1; e7�i=4 ].Thus, Condition 5.1 does not hold for Y and �0, as the �xed setfp1; p2g of �0 does not coincide with the singular set fp1; : : : ; p4g of Y .So let Y 0 be the blow-up of Y at p3 and p4. Then Y 0 is a partial crepantresolution of Y , as the singularities at p3; p4 are modelled on C 4=Z4.The singularities of Y 0 are p1; p2, and �0 lifts to an antiholomorphicinvolution of Y 0 �xing only p1 and p2.We �nd the Betti numbers of Y 0 by adding contributions to thoseof Y , as in x7.1. Applying the construction of x5 to Y 0 and �0 gives asimply-connected 8-manifold M 0, such thatTheorem 9.3. This compact 8-manifold M 0 has Betti numbersb0 = 1; b1 = 0; b2 = 1; b3 = 0; b4 = 908; b4+ = 614 and b4� = 294:There exist metrics with holonomy Spin(7) on M 0, which form a smoothfamily of dimension 295.



126 dominic joyce10. Complete intersections in C P6a0;::: ;a6We now try starting with the intersection of two hypersurfaces inC P6a0;::: ;a6 .10.1 The intersection of two octics in C P61;1;1;1;4;4;4Let Y be the complete intersection of two octics in C P61;1;1;1;4;4;4 givenbyY = �[z0; : : : ; z5] 2 C P61;1;1;1;4;4;4 : z80 + z81 + 2iz82 � 2iz83 + z24 � z25 = 0;2iz80 � 2iz81 + z82 + z83 + z24 � z26 = 0	:Then c1(Y ) = 0. We �nd that Y has 4 singular pointsp1 = [0; 0; 0; 0; 1; 1; 1]; p2 = [0; 0; 0; 0; 1;�1;�1];p3 = [0; 0; 0; 0; 1; 1;�1] and p4 = [0; 0; 0; 0; 1;�1; 1];satisfying Condition 5.1.By adapting the method of x6.3 we can show that �(Y ) = 2580,and applying Theorem 6.5 twice we �nd that bk(Y ) = bk(C P61;::: ;4) for0 � k � 3. Thus we prove:Proposition 10.1. The Betti numbers of Y areb0 = 1; b1 = 0; b2 = 1; b3 = 0 and b4 = 2576;Also Y n fp1; : : : ; p4g is simply-connected and h2;0(Y ) = 0.De�ne an antiholomorphic involution � : Y ! Y by� : [z0; : : : ; z6] 7�! [�z1;��z0; �z3;��z2; �z4; �z5; �z6]:The �xed points of � are exactly the singular points p1; : : : ; p4 of Y ,and Condition 5.1 holds for Y and �. Proceeding in the usual way, weset Z = Y=h�i and resolve Z to get a simply-connected 8-manifold M ,which satis�es:Theorem 10.2. This compact 8-manifold M has Betti numbersb0 = 1; b1 = b2 = b3 = 0; b4 = 1294; b4+ = 871 and b4� = 423:There exist metrics with holonomy Spin(7) on M , which form a smoothfamily of dimension 424.



compact 8-manifolds with holonomy spin(7) 12710.2 A variation on this exampleNow let Y be as in x10.1, but de�ne �0 : Y ! Y by�0 : [z0; : : : ; z6] 7�! [�z3;��z2; �z1;��z0; �z4; �z6; �z5]:Then �0 is an antiholomorphic involution, with �xed points p1 and p2,which swaps round p3 and p4. Following the method of x7.1, de�ne Y 0to be the blow-up of Y at p3 and p4. Then Y 0 is a Calabi{Yau orbifold,�0 lifts to Y 0, and Condition 5.1 holds for Y 0 and �0.As usual we set Z 0 = Y 0=h�0i and resolve Z 0 to get a simply-connected 8-manifold M 0, such that we haveTheorem 10.3. This compact 8-manifold M 0 has Betti numbersb0 = 1; b1 = 0; b2 = 1; b3 = 0; b4 = 1292; b4+ = 870 and b4� = 422:There exist metrics with holonomy Spin(7) on M 0, which form a smoothfamily of dimension 423.10.3 The intersection of two 12-tics in C P63;3;3;3;4;4;4Let P (z4; z5; z6) and Q(z4; z5; z6) be generic homogeneous cubic polyno-mials with real coe�cients, and de�neW to be the complete intersectionof two 12-tics in C P63;3;3;3;4;4;4 given byW = �[z0; : : : ; z5] 2 C P63;3;3;3;4;4;4 : z40 + z41 + z42 + z43 + P (z4; z5; z6) = 0;iz40 � iz41 + 2iz42 � 2iz43 +Q(z4; z5; z6) = 0	:Then c1(W ) = 0. As P and Q are generic, the singular set of W is thedisjoint union of the 9 points p1; : : : ; p9 given by�[0; 0; 0; 0; z4 ; z5; z6] 2 C P63;3;3;3;4;4;4 : P (z4; z5; z6) = Q(z4; z5; z6) = 0	;and the curve � of genus 33 given by� = �[z0; z1; z2; z3; 0; 0; 0] 2 C P63;3;3;3;4;4;4 : z40 + z41 + z42 + z43 = 0;iz40 � iz41 + 2iz42 � 2iz43 = 0	:Each point pj satis�es Condition 5.1, and each point of � is modelledon C � C 3=Z3, where the action of Z3 on C 3 is generated by� : (z4; z5; z6) 7! (e2�i=3z4; e2�i=3z5; e2�i=3z6):



128 dominic joyceDe�ne an antiholomorphic involution � :W !W by� : [z0; : : : ; z6] 7�! [�z1;��z0; �z3;��z2; �z4; �z5; �z6]:Then the �xed points of � are some subset of fp1; : : : ; p9g. Exactlywhich subset depends on the choice of P and Q, but � must �x an oddnumber of the pj , as the remaining pj are swapped in pairs.So let � �x 2k+1 of the pj, for some k = 0; : : : ; 4, and number the pjsuch that � �xes p1; : : : ; p2k+1 and swaps p2k+2; : : : ; p9 in pairs. De�neYk to be the blow-up of W along � and at the points p2k+2; : : : ; p9.Then Yk is a partial crepant resolution of W . Thus Yk is a Calabi{Yauorbifold, with singular points p1; : : : ; p2k+1. Also � lifts to Yk to give anantiholomorphic involution � : Yk ! Yk with �xed points p1; : : : ; p2k+1.It can be shown that we can choose P and Q so that k takes anyvalue in f0; 1; 2; 3; 4g. For example, if P = z34 � z35 and Q = z34� z36 then� �xes only p1 = [0; 0; 0; 0; 1; 1; 1], so that k = 0, but if P = z24z5 � z35and Q = z24z6�z36 then � �xes the 9 points [0; 0; 0; 0; 1; z5 ; z6] for z5; z6 2f1; 0;�1g, and k = 4.Combining the methods used to prove Propositions 8.5 and 10.1, wegetProposition 10.4. The Betti numbers of Yk are b0 = 1, b1 = 0,b2 = 10 � 2k, b3 = 66, b4 = 395 � 2k, b4+ = 262 and b4� = 133 � 2k.Also Yk n fp1; : : : ; p2k+1g is simply-connected, and h2;0(Yk) = 0.In the usual way we resolve Zk = Yk=h�i to get Mk, which satis�esTheorem 10.5. For each k = 0; : : : ; 4 there is a compact 8-mani-fold Mk with Betti numbers b0 = 1, b1 = 0, b2 = 4 � k, b3 = 33,b4 = 200 + 2k, b4+ = 132 + k and b4� = 68 + k. There exist metrics withholonomy Spin(7) onMk, which form a smooth family of dimension 69+k. These examples have the largest value of b3 and the smallest valuesof b4 that the author has found using this construction.11. ConclusionsIn Table 1 we give the Betti numbers (b2; b3; b4) of the compact 8-manifolds with holonomy Spin(7) that we constructed in x7{x10. Thereare 14 sets of Betti numbers, none of which coincide with any in [10],so we have found at least 14 topologically distinct new examples ofcompact 8-manifolds with holonomy Spin(7).



compact 8-manifolds with holonomy spin(7) 129Table 1: Betti numbers (b2; b3; b4) of compact Spin(7)-manifolds(4, 33, 200) (3, 33, 202) (2, 33, 204) (1, 33, 206) (0, 33, 208)(1, 0, 908) (0, 0, 910) (1, 0, 1292) (0, 0, 1294) (1, 0, 2444)(0, 0, 2446) (0, 6, 3730) (0, 0, 4750) (0, 0, 11 662)The examples of x7{x10 are by no means all the manifolds thatcan be produced using the methods of this paper, but only a selectionchosen for their simplicity and to illustrate certain techniques. Readersare invited to look for other examples themselves; the author would beparticularly interested in examples which have especially large or smallvalues of b4.We have also chosen to restrict our attention in x5{x10 to orbifoldsY all of whose singularities are modelled on C 4=Z4, where the generator� of Z4 acts as in (6). This is not a necessary restriction, and thereare other types of singularities for Y and Z for which the constructionwould work, such as the R8=Gn considered in x4.3, and which occur insuitable orbifolds Y . However, the author has not found many such Y ;the C 4=Z4 singularities do seem to be the easiest to construct.References[1] M. Berger, Sur les groupes d'holonomie homog�ene des vari�et�es �a connexion a�neset des vari�et�es riemanniennes, Bull. Soc. Math. France 83 (1955) 279{330.[2] R. L. Bryant, Metrics with exceptional holonomy, Ann. of Math. 126 (1987)525{576.[3] R. L. Bryant & S. M. Salamon, On the construction of some complete metrics withexceptional holonomy, Duke Math. J. 58 (1989) 829{850.[4] E. Calabi, M�etriques k�ahl�eriennes et �br�es holomorphes, Ann. Sci. �Ecole Norm.Sup. 12 (1979) 269{294.[5] P. Candelas, M. Lynker & R. Schimmrigk, Calabi{Yau manifolds in weighted P�4,Nucl. Phys. B341 (1990) 383{402.[6] M. Goresky & R. MacPherson, Strati�ed Morse theory, Ergeb. Math. Grenzgeb.Vol. 14, Springer, Berlin, 1988.[7] P. Green & T. H�ubsch, Polynomial deformations and cohomology of Calabi{Yaumanifolds, Comm. Math. Phys. 113 (1987) 505{528.[8] P. Gri�ths & J. Harris, Principles of algebraic geometry, Wiley, New York, 1978.
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